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errors.

© 2017 Elsevier Inc. All rights reserved.
1. Introduction

Compressed sensing (CS) has attracted a lot of attention in 
the signal processing community since its appearance in the early 
2000s [1–3]. Mathematically, CS is a framework that involves com-
pressing a signal vector x ∈ �N×1 into a low dimensional one 
y ∈ �M×1 (M � N) via

y = �x (1)

and reconstructing the original signal x from the measurement y. 
The matrix � ∈ �M×N is called a sensing/projection matrix.

Let x ∈ �N×1 be modeled as a linear combination of a set of 
vectors {ψl}L

l=1
1:

x =
L∑

l=1

s(l)ψl � �s (2)

where the matrix � ∈ �N×L is usually called a dictionary and is 
said over-complete if N < L and s is the coefficient vector. We say x
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is κ-sparse (in �) if ‖s‖0 ≤ κ , where ‖s‖0 denotes the number of 
non-zero elements in s.

A CS system refers to equations (1)–(2), characterized with the 
sensing matrix � and dictionary �. Its ultimate goal is to recon-
struct the original signal x from y that senses the former via (1). 
Traditionally, the reconstructed signal is given by x̂ = �ŝ with ŝ
being a proper solution of the following problem

y = As (3)

where A ��� is called the equivalent dictionary.
As M < L is assumed, equation (3) has an infinite number of 

solutions. To make the above equation have a unique solution, ex-
tra properties of this linear system have to be enforced and the 
concept of spark is one of such properties. The spark of a matrix 
A ∈ �M×L , denoted as spark(A), is defined as the smallest number 
of columns in A that are linearly dependent. It was shown in [4]
that as long as spark(A) > 2κ , any κ-sparse signal x0 = �s0 can be 
exactly recovered from its measurement y = �x0 by solving

s0 = arg min
s

‖s‖0 s.t. y = As (4)

or

s0 = arg min
s

‖y − As‖2
2 s.t. ‖s‖0 ≤ κ (5)

where ‖.‖p denotes the lp -norm of vector v ∈ �N×1 and is defined 
as
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‖v‖p � (

N∑
n=1

|v(n)|p)1/p, p ≥ 1 (6)

In general, both of the problems (4) and (5) are NP-hard. The prob-
lem defined in (5) is practically addressed using greedy algorithms 
such as the orthogonal matching pursuit (OMP) technique [5–9]. 
Furthermore, it can be shown [4] that under some conditions, (4)
is equivalent to the following l1-based minimization

s0 = arg min
s

‖s‖1 s.t. y = As (7)

which can be solved efficiently using algorithms such as basis pur-
suit (BP) [3] and the l1/l2-based optimization techniques [10].

1.1. Related works

Designing optimal CS systems usually refers to determine a pair 
(�, �) such that the corresponding CS system yields a desired per-
formance in terms of signal compression and signal recovery. Such 
performance depends strongly on the properties of � and �.

As mentioned above, the spark of the equivalent dictionary is 
one of the properties for exact reconstruction. The restricted isom-
etry property (RIP) [2], [3] is another one. A matrix A is said 
(κ, δ)-RIP if there exists a δ with 0 ≤ δ < 1 such that

(1 − δ)‖s‖2
2 ≤ ‖As‖2

2 ≤ (1 + δ)‖s‖2
2

holds for all s satisfying ‖s‖0 ≤ κ . It has been shown that when 
A = �� is (2κ, δ)-RIP, a κ-sparse x in � can be reconstructed ex-
actly from its low dimensional measurement [2–4]. Furthermore, 
as shown in [4], [5], any κ-sparse coefficient vector s can be ex-
actly obtained from y = As as long as

κ <
1

2
[1 + 1

μ(A)
] (8)

where μ(A) is the mutual coherence of matrix A and is defined as

μ(A) � max
1≤i 	= j≤L

{ | < A(:, i), A(:, j) > |
‖A(:, i)‖2‖A(:, j)‖2

� ri j} (9)

where < ., . > and ri j denote the inner product and the cross-
correlation factor between two vectors, respectively. Roughly 
speaking, μ(A) measures the maximum linear dependency pos-
sibly achieved by any two columns of matrix A.

The relation specified by (8) suggests that the equivalent dictio-
nary with small mutual coherence can enlarge the signal space in 
which the coefficient vector s can be achieved exactly. The optimal 
sensing matrix design, initialized in [11], deals with how to de-
sign the sensing matrix � with a dictionary � given such that the 
CS system yields an accurate reconstruction of signals. This can be 
achieved via choosing � to enhance the mutual coherence prop-
erty of the equivalent dictionary A. A class of approaches under 
this framework can be unified as

�̃� arg min
�,H

‖H − AT A‖2
F

s.t. H ∈ SH , A = �� (10)

where ‖.‖F denotes the Frobenius norm and SH is a non-empty 
set of target Gram matrices of desired mutual coherence with 
H(k, k) = 1, ∀ k. See [12–22].

In (10), the target Gram H has its diagonal elements all equal to 
one and the Gram AT A is directly related to the coherence behav-
ior of A if and only if ‖A(:, l)‖2 = 1, ∀ l. In order to make the cost 
function have the designated physical meaning, (10) was studied 
recently in [23] with an additional constraint: ‖A(:, l)‖2 = 1, ∀ l, 
and the corresponding problem was attacked using a gradient de-
scent algorithm.
Dictionary design is to find a dictionary to represent a class 
of signals for a given sparsity level κ . Typical examples include 
the Fourier matrix for frequency-sparse signals, a multiband modu-
lated Discrete Prolate Spheroidal Sequences (DPSS’s) dictionary for 
sampled multiband signals [24,25], and learning a sparsifying dic-
tionary from a training dataset. Let X ∈ �N× J with X(:, j) = x j be 
the data matrix formed by a collection of training samples {x j} J

j=1
from a certain class of signals. The traditional dictionary learning 
is to solve the following problem

{�̃, S̃}� arg min
�,S

‖X − �S‖2
F

s.t. ‖S(:, j)‖0 ≤ κ, ∀ j

‖�(:, l)‖2 = 1, ∀ l (11)

where the normalization constraint on dictionary is mainly for 
avoiding degenerate solutions as the solutions to minimizing ‖X −
�S‖2

F w.r.t. � and S are not unique. A practical approach used to 
attack such a highly non-convex problem is based on the alternat-
ing minimization strategy [26–33].

1.2. Problems to be investigated

It should be pointed out that the sensing matrices obtained us-
ing the classical approaches (10) do yield a very good performance 
when the signals to be compressed are exactly sparse in a dictio-
nary �. A more practical signal model is

x = �s + e (12)

where e is the representation error, which is practically not nil 
in general. In that case, the CS system using the sensing matrix 
designed based on (10) usually fails in resulting an accurate recon-
struction. See Section 4.2.2 and also [35,36] for a typical example 
in image compression. The main reason for this phenomenon is 
due to the fact that the classical approaches (10) to optimal sens-
ing matrix design do not take into account of priori information 
(such as sparse representation error) of the signals.

It has been noted that in most of the existing works on design 
of optimal CS systems, the sensing matrix and sparsifying dictio-
nary are designed independently. From the reconstruction equation 
y = As, one can see that the performance of a CS system is de-
termined by the properties of the equivalent dictionary A = ��

and hence can be enhanced by designing the two � and � jointly 
in one and the same framework. As far as we know, there have 
been a few works reported on this topic. The very first piece of 
work closely related to this topic was perhaps given by Duarte-
Cavajalino et al. [13]. An improved work was reported in [14], in 
which the same framework as that in [13] is used but both sens-
ing matrix and dictionary are updated using analytical solutions. 
However, both approaches in [13] and [14] alternatively update the 
sensing matrix and the dictionary with different measures rather 
than under the same criterion.

The main problem to be considered in this paper is to investi-
gate how to learn both sensing matrix and dictionary jointly in one 
and the same framework and measure (a.k.a. criterion) using a set 
of training samples. Our contributions in this paper are highlighted 
in next subsection.

1.3. Contributions

• Based on the maximum likelihood estimation (MLE) princi-
ple [34], an alternative signal reconstruction scheme, called 
pre-conditioned signal recovery (PSR), is derived and a new 
measure is proposed, which allows us to optimize the sensing 
matrix and the dictionary simultaneously. Unlike [13] and [14], 
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where the sensing matrix and dictionary are updated alterna-
tively with different measures, our proposed approach allows 
us to optimize the sensing matrix and the dictionary jointly 
with one and the same measure. As such a design procedure is 
data-driven and it takes the representation error into account, 
the obtained CS system is expected to be more robust against 
the sparse representation errors and hence yields a more ac-
curate reconstruction.

• An alternating minimization-based iterative procedure is pro-
posed, in which the sparse coefficients, dictionary and sensing 
matrix are updated one by one. A closed form solution is ob-
tained for updating the sensing matrix. Analysis shows that 
our proposed algorithm is convergent under some mild condi-
tion, while this is not the case for the iterative procedures in 
[13], [14]. Further elaborations will be given on this issue in 
Section 2.2.

The outline of this paper is given as follows. Based on the max-
imum likelihood estimation principle, the PSR scheme is derived 
and a novel measure is proposed in Section 2, which allows us to 
investigate the joint optimization in the same framework. In Sec-
tion 3, an alternating minimization-based algorithm is derived to 
solve the corresponding optimal design problem. Section 4 is de-
voted to presenting simulations and experimental results, which 
show that the proposed PSR is superior to the traditional recon-
struction scheme and the CS system obtained using the proposed 
approach outperforms the prevailing ones in terms of reducing the 
effect of sparse representation errors. Some concluding remarks 
are given in Section 5 to end this paper.

2. An MLE-based framework for designing optimal CS systems

Let y = �x be the projection of x given by (12) and clearly,

y = ��s + �e � As + ε (13)

where ε is the representation error of y in the equivalent dictio-
nary A.

2.1. Pre-conditioned signal recovery (PSR) scheme

First of all, let us consider the signal reconstruction from a 
statistical point of view. Assume that e is a normal distribution 
N (μ, C), that is the probability density function (PDF) of e obeys

fe(ξ) = 1√
2πdet(C)

e− 1
2 (ξ−μ)T C−1(ξ−μ)

where det(.) denotes the determinant operator. In the sequel,
μ = 0, C = σ 2

0 IN is assumed, where IN denotes the identity matrix 
of dimension N .

Let x = �s + e and the measurement y be given by y = �x. 
What is the best estimate of s that can be achieved from the ob-
servation y?

Denote P 1/2 as a square root (symmetric) matrix of a (semi-) 
positive definite matrix P and assume that ��T is positive def-
inite. Note that the PDF of ε , which has a multivariate normal 
distribution with N (0, �ε), is given by

fε(ξ) = e

(
− 1

2 ξT �−1
ε ξ

)
√

2πdet(�ε)

where �ε = σ 2
0 ��T . According to the maximum likelihood esti-

mation (MLE) principle, which states that for a given sample of 
random variable, the best estimation of the parameter(s) charac-
terizing the PDF of the random variable can be achieved by max-
imizing the PDF corresponding to the sample given [34], the best 
estimate ŝ of the sparse coefficient vector s is the one that maxi-
mizes the PDF fε(ξ) at ξ = y − As. This leads to

ŝ �arg max
s

−(y − As)T (��T )−1(y − As)

s.t. ‖s‖0 ≤ κ

which is equivalent to

ŝ � arg min
s

‖(��T )−1/2(y − As)‖2
2

s.t. ‖s‖0 ≤ κ (14)

Clearly, (14) is an alternative signal recovery scheme to the tra-
ditional one by (5). To see the connection between (14) and (5), 
we rewrite the objective function in (14) as

‖(��T )−1/2(y − As)‖2
2 = ‖(��T )−1/2 y − (��T )−1/2 As‖2

2

which has the same form as the objective function in (5) if we 
denote by yc = (��T )−1/2 y and Ac = (��T )−1/2 A = �c� with 
�c = (��T )−1/2�. Thus to recover the signal x that is not exactly 
sparse represented in � (see (12)) from the measurement y as in 
(1), the MLE principle indicates that it is better to first precondi-
tion the measurement y and the sensing matrix � by (��T )−1/2, 
and then solve the traditional sparse recovery problem (5). In the 
sequel, (14) is referred to as pre-conditioned signal recovery (PSR). 
As it will be seen in Section 4 that for a given projection matrix 
�, the proposed PSR scheme outperforms the traditional one (5)
in terms of signal reconstruction accuracy.

2.2. Joint optimization of � and �

Let {x j} J
j=1 be a set of signal samples obeying model (12); that 

is x j = �̃s̃ j + e j . Under the assumption that e j is a normal distri-
bution N (0, σ 2

0 IN ) and that all e j are statistically independent, the 
MLE principle suggests that the best estimate of the true (�̃, {s̃ j})
that can be obtained using {x j} J

j=1 is the one which minimizes

�1 �
J∑

j=1

‖x j − �s j‖2
2 � ‖X − �S‖2

F (15)

subject to ‖s j‖0 ≤ κ, ∀ j, where X(:, j) = x j and S(:, j) = s j . This 
coincides with the traditional dictionary learning (11).

It is easy to understand that for a given CS system (�, �), the 
(column) sparse coefficient matrix S̃ can be optimally estimated 
from the low dimensional measurements {y j} J

j=1 using the pro-
posed PSR by minimizing

�2 �
J∑

j=1

‖(��T )−1/2(y j − As j)‖2
2

� ‖(��T )−1/2�(X − �S)‖2
F (16)

where A = ��.
Let � have an SVD of form

� = U
[
� 0

]
V T (17)

where U ∈ �M×M and V ∈ �N×N are orthonormal matrices, and �
is an M × M diagonal matrix with diagonals being the singular val-
ues of �. It can be seen that the PSR specified by (14) is equivalent 
to

ŝ � arg min
s

‖yc − Acs‖2
2 s.t. ‖s‖0 ≤ κ (18)

where yc � �cx with Ac � (��T )−1 A = �c� and
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�c � (��T )−1/2� = U
[

IM 0
]

V T (19)

since (��T )−1/2 = U�−1UT . This implies that using the proposed 
PSR scheme, a CS system characterized by (�, �) is totally equivalent 
to that by (�c, �), where � and �c are given by (17) and (19), 
respectively.

One notes that the set of sensing matrices of form �c can be 
characterized with

Sc � {� : ��T = IM} (20)

In this paper, the optimal CS system design is considered with the 
sensing matrices belonging to the set characterized by (20).

As mentioned before, our objective in this paper is to design 
the sensing matrix and dictionary jointly in an optimal way. The 
first thing is to derive a proper measure. It is observed that �2
is a function of �, � and S and hence such a measure would be 
a candidate of cost function for the joint optimization of sensing 
matrix and dictionary. However, due to the existence of the sensing 
matrix � in �2, the solution of minimizing �2 with respect to S
is in general different from the best one that minimizes the sparse 
representation error �1. Therefore, for a given � the best (�, S)

should minimize �1 and �2 simultaneously in some manner.
What is the key factor that should be taken into account in 

designing the sensing matrix in an CS system? Let X = �S + E �
X∗ + E , where X∗ = �S is the matrix of the clean signals. Note that 
the measurements are obtained via Y = �X = �X∗ + �E and that 
�2 = ‖�E‖2

F due to � ∈ Sc . It is understood that besides reducing 
�2, the projection matrix � is expected to sense the key informa-
tion underlying X∗ as much as possible. It can be shown that the 
best linear estimate of X∗ with the (clean) measurements �X∗ is 
�T �X∗ . So, it is also desired to design the projection matrix �
such that ‖X∗ − �T �X∗‖2

F = ‖(IN − �T �)�S‖2
F is minimized

As seen, the joint optimization is a multi-objective optimiza-
tion problem and to deal with it, we propose the following mea-
sure/cost function:

�(�,�, S) � �1 + α �2 + β ‖(I − �T �)�S‖2
F (21)

where α ≥ 0 and β ≥ 0 are weighting factors to balance the im-
portance of each term. The three terms in the measure are related 
to the actual sparse representation error, the cost function of the 
PSR scheme, and the difference between the clean signal and its 
best estimate from its sensed version, respectively, all having the 
same physical dimension (meaning) – signal energy.

Generally speaking, the choice of the best weights α and β

depends on specific applications. We provide a rough guide for 
choosing α and β . In terms of α, α < 1 is suggested (similar to 
what is suggested in [13]) since for signal compression application 
we need to highlight �1 (the sparse representation error E). With 
respect to β , we suggest β > α since capturing most of the key in-
formation in �S is more important for a sensing matrix. For most 
applications in which the CS systems are designed off-line, we can 
determine the best α and β by searching. This will be demon-
strated in Section 4.2.

The corresponding joint optimization problem is then formu-
lated as

{�̃, �̃, S̃} � min
�,�,S

�(�,�, S)

s.t. ��T = IM; ‖S(:, j)‖0 ≤ κ, ∀ j

‖�(:, l)‖2 = 1, ∀ l (22)

We stress that our interest is to provide a measure (as � in (22)) 
such that both the sensing matrix and the dictionary are optimized 
by minimizing this objective function. This is totally different than 
the framework utilized in [13], [14]. To better illustrate it, we 
briefly summarize the framework in [13], [14] as follows:
min
�,S

f1(�,�, S)

min
�

f2(�,�)
(23)

where f1 = �1 + α�2 and f2 has different forms in [13] and [14]
(we refer the reader to [13] and [14] for the explicit expressions 
for f2). It is clear that (22) is different from (23). An iterative pro-
cedure is used in [13], [14] to attack (23), in which the dictionary 
and sensing matrix are alternatively updated by minimizing f1 and 
f2, respectively. Clearly, the convergence of such a procedure is 
questionable. With respect to our framework in (22) for jointly op-
timizing the sensing matrix and the dictionary, it is possible to 
come up with a numerical algorithm that solves (22) with guar-
anteed convergence. However, such convergence is not possible (or 
even has no sense) for the algorithms in [13] and [14] since once 
we update the sensing matrix by minimizing f2, we are not sure 
how f1 changes (and it is possible that f1 has larger value).

3. The proposed algorithm

In this section, we will derive an algorithm for solving the joint 
optimization problem (22).

Keeping � ∈ Sc in mind, one can see

�(�,�, S) = ‖A(�) − B(�)�S‖2
F (24)

where

A(�)�

⎡
⎣ X√

α�X
0

⎤
⎦ , B(�) �

⎡
⎣ IN√

α�√
β(IN − �T �)

⎤
⎦

Here, we adopt the alternating minimization strategy to ad-
dress (22). The basic idea is to construct a sequence {�k, �k, Sk}
such that {�(�k, �k, Sk)} is a descent sequence. The proposed al-
gorithm is outlined below:

Algorithm 1.
Initialization: With a collection of training sample matrix X ∈
�N× J , dimensionality (M, L) and sparsity level κ given, design 
a dictionary �0 ∈ �N×L (say using overcomplete discrete cosine 
transform (DCT)) and generate �0 ∈ �M×N randomly;
Begin k = 1, 2, · · · , Nite

• Coarse update of S with � = �k−1, � = �k−1: Note that (22)
becomes

S̃k = arg min
S

∥∥A(�k−1) − B(�k−1)�k−1 S
∥∥2

F

s.t. ‖S(:, j)‖0 ≤ κ, ∀ j
(25)

which can be solved using OMP.
• Coarse update � with � = �k−1, S = S̃k: (22) leads to

�̃k = arg min
�

∥∥∥A(�k−1) − B(�k−1)� S̃k

∥∥∥2

F
(26)

which can be solved with the results in [14].
• Update � and S: let D�̃k

be an N × N diagonal matrix with 
D�̃k

(n, n) = ‖�̃k(:, n)‖2. Set2

�k = �̃k D−1
�̃k

, Sk = D�̃k
S̃k (27)

As to be shown later in Lemma 1, this is the best normalized 
�k for Sk .

2 We note that �k = �̃k D−1
�̃k

is also the orthogonal projection of �̃k onto the set 
{� ∈ �N×L : ‖�(:, l)‖2 = 1, ∀ l}.
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• Update � with � = �k, S = Sk: The design problem (22) turns 
to

�k � arg min
��T =IM

�(�,�k, Sk) (28)

As guaranteed by Lemma 2, the optimal �k is given by (31).

End
Output: �̃ = �Nite and �̃ = �Nite .

Remark 3.1. Our proposed algorithm, MOD and KSVD are used to 
update dictionary and all require the same S̃k obtained in (25). 
With � = �k−1, S = S̃k , the dictionary is updated by solving the 
problem defined in (22). Such a constrained problem is difficult to 
solve and all the three algorithms just yield sub-optimal solutions.

• MOD updates (�, S) with (�k, ̃Sk). By doing so, it can not en-
sure the cost function to decrease and hence its convergence 
is not guaranteed, while we update (�, S) with (�k, Sk) given 
in (27). Such a update has a property specified in Lemma 1
to be given below and hence its convergence, as to be shown 
later, can be guaranteed.

• Our proposed algorithm differs from KSVD algorithm in that 
1) we update the whole dictionary concurrently rather than 
column by column as in KSVD; 2) we update S with (27) by 
scaling S̃k only, while KSVD takes S̃k as initial condition and 
updates the coefficients Sk and the dictionary simultaneously. 
Like in our algorithm, the update (�k, Sk) in KSVD can also 
ensure the cost function to decrease. However, there is nothing 
to ensure that one is better than another.

To analyze the convergence behavior of our proposed algorithm, 
we need the following lemma.

Lemma 1. Let S̃k and (�k, Sk) be defined respectively as in (25) and 
(27). �k is the optimal solution to

�k = arg inf
�:‖�(:,l)‖2=1, ∀ l

�(�k−1,�, Sk)

and

�(�k−1,�k, Sk) ≤ inf
�:‖�(:,l)‖2=1, ∀ l

�(�k−1,�, S̃k) � (29)

Proof. We prove the arguments by contradiction. Suppose there 
exists �′ with column-wise normalized such that �(�k−1,

�′, Sk) < �(�k−1, �k, Sk). This implies∥∥∥A(�k−1) − B(�k−1)�
′D�̃k

D−1
�̃k

Sk

∥∥∥2

F

<

∥∥∥A(�k−1) − B(�k−1)�̃k S̃k

∥∥∥2

F
,

which constricts to the fact by (26). Thus, we have �(�k−1,

�k, Sk) ≤ �(�k−1, �, Sk) for all � ∈ �N×L with ‖�(:, l)‖2 = 1, ∀ l, 
which completes the first part of the proof.

Now, let us consider the proof for the 2nd part of the 
lemma. Suppose there exists �′ with column-wise normalized 
such that �(�k−1, �′, ̃Sk) < �(�k−1, �k, Sk). As �(�k−1, �k, Sk) =
�(�k−1, �̃k, ̃Sk), the above inequality is equivalent to

�(�k−1,�
′, S̃k) < �(�k−1, �̃k, S̃k)

which can not be held due to the fact that �̃k is the solution 
of (26). �

The following lemma yields the solution to (28), which is used 
for updating the sensing matrix.
Lemma 2. Let G(�, S) be defined as

G(�, S)� β�S(�S)T − α(X − �S)(X − �S)T (30)

and G(�, S) = V G�G V T
G be an eigen-decomposition (ED) of G(�, S), 

where �G = diag(λ1, · · · , λn, · · · , λN ) with λ1 ≥ λ2 ≥ · · · ≥ λN . Then 
the solution to (28) with S = Sk, � = �k is given by

�k = U
[

IM 0
]

V T
G (31)

where U is an arbitrary M × M orthonormal matrix. �
Proof. First of all, one note that �(�, �, S) is equivalent to

�(�,�, S) = α‖�(X − �S)‖2
F − β‖��S‖2

F + C1

= −tr
[
�T �G(�, S)

]
+ C2

where tr[.] denotes the trace operator, C1 and C2 are some con-
stants that are independent of �, and G(�, S) is defined above in 
the Lemma. As understood, (28) is equivalent to

�k = arg max
��T =IM

tr
[
�T �G(�, S)

]

It then follows from the ED of G(�, S) = V G�G V T
G that

tr
[
�T �G(�, S)

]
= tr

[
�T �V G�G V T

G

]
= tr

[
�G V T

G �T �V G

]

=
N∑

n=1

λn(Q (:,n))T Q (:,n)

where Q � �V G .
As � = U

[
IM 0

]
V T , one has Q Q T = IM , that is ‖Q (m, :)‖2

= 1, ∀ m. Let Ṽ = V T
G V . We have

(Q (:,n))T Q (:,n) = (Ṽ (n, :))T
[

IM 0
0 0

]
Ṽ (n, :)

≤ ‖Ṽ (n, :)‖2 = 1.

Also, note that

N∑
n=1

(Q (:,n))T Q (:,n) = ‖Q ‖2
F = M.

Combining the above two results gives

N∑
n=1

λn(Q (:,n))T Q (:,n) ≤
M∑

n=1

λn

and that the equality holds if and only if

(Q (:,n))T Q (:,n) = 1, ∀ n ≤ M ⇔ V T
G V = IN

which leads to (31). �
Now, let us consider the convergence analysis of the proposed 

algorithm. The proposed algorithm is an iterative procedure, gener-
ating a sequence {(�k, �k, Sk)}. The convergence analysis of such 
an algorithm has two lines. The first one involves the convergence 
of the iterates {(�k, �k, Sk)} and the second one is the conver-
gence of the cost function �(�k, �k, Sk). The analysis of conver-
gence for the iterates generated by the alternating minimization 
approach is usually very difficult and is beyond the scope of this 
paper. In what it follows, we will look at the behavior of the pro-
posed algorithm in terms of convergence of the cost function.
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Suppose the sparse coding stage (25) can be performed per-
fectly and the best κ-sparse approximations to the signals in 
A(�k−1) are obtained. In this case, it is clear that

�(�k−1,�k−1, Sk−1) ≥ �(�k−1,�k−1, S̃k)

Ideally, suppose � is updated using �̄k:

�̄k = arg min
�,‖�(:,l)‖2=1

�(�k−1,�, S̃k) (32)

Obviously, �(�k−1, �k−1, ̃Sk) ≥ �(�k−1, �̄k−1, ̃Sk) and according to 
Lemma 1, one has

�(�k−1,�k, Sk) ≤ �(�k−1, �̄k, S̃k)

and our proposed algorithm can ensure

�(�k−1,�k−1, Sk−1) ≥ �(�k−1,�k, Sk)

Finally, since � is updated with �k , which is the solution of mini-
mizing �(�, �k, Sk) and obtained analytically using Lemma 2, one 
has

�(�k,�k, Sk) ≤ �(�k−1,�k−1, Sk−1) (33)

which means that our proposed algorithm guarantees convergence 
of the cost function.

We conclude this section by discussing the computational com-
plexity of the proposed algorithm and the two algorithms in [13]
and [14]. Note the dimensionality in � ∈ �M×N , � ∈ �N×L and 
X ∈ �L× J . Our algorithm is an iterative method and in each it-
eration, there are four step. They are sparse coding which requires 
O (κ2(L + N) J ) operations, dictionary updating which solves (26)
and requires O (L J 2 + (N + M)2N) operations, the dictionary nor-
malizing (includes computing the diagonal matrix D�̃k

) and sparse 
coefficients scaling which are very cheap and respectively require 
O (N L) and O (L J ) flops, and sensing matrix updating which re-
quires computing G(�, S) in (30) with O (N L J ) operations and ED 
of G(�, S) with O (N3) operations and totally O (N L J ) operations. 
Thus, the total cost for Algorithm 1 is O (L J 2Niter) under the as-
sumption of N ≤ L � J .

As to the algorithm proposed in [14], in each iteration, it runs 
Nsen iterations to update the sensing matrix (with computational 
complexity of O (N L2) in each iteration) and Ndic iterations to 
update the dictionary and space coefficients (with computational 
complexity of O (L J 2) in each iteration). Thus the total cost for 
the algorithm in [14] is O (L J 2Niter Ndic). With respect to the al-
gorithm proposed in [13], in each iteration, it performs sensing 
matrix updating which requires O (MN2), sparse coding which re-
quires O (κ2(L + N) J ) operations, and dictionary updating which 
utilizes KSVD algorithm and needs O (L J 2) flops. Thus, the total 
cost for the algorithm in [13] is also O (L J 2Niter).

4. Experiments

In this section, we will examine the performance of the pro-
posed PSR and the CS system, denoted as CSNew , whose sensing 
matrix and dictionary are jointly optimized with (22) using Algo-
rithm 1. Particularly, we will compare CSNew with the CS systems 
CSDC S and CSB H , which were respectively proposed in [13] and 
[14], and the ones defined below: For the same dictionary, say the 
oracle/true dictionary or �K S V D design using KSVD,

• CSRdm – where the sensing matrix is generated randomly.
• CSEld – where the sensing matrix is designed using the ap-

proach in [11].
• CSL Z Y C B – where the sensing matrix is designed using the ap-

proach in [16].
• CSClassic – where the sensing matrix is the solution of

min
�,H∈Set f

H

‖H − AT A‖2
F s.t. A = ��K S V D

where Set f
H is a relaxed equiangular tight frames (ETF) Gram 

set. The solution is solved using the alternating minimization 
with the sensing matrix updated using one of the algorithms 
in [35], [37]. This is actually the same approach used in [15]
and [20].

• CST K K – where the sensing matrix is obtained using the algo-
rithm proposed in [38].

In our experiments, both real images and synthetic data are 
used. For the latter, the original signal samples are generated in 
the following way. A set of J κ-sparse L ×1 vectors {s j} J

j=1 is gen-
erated, where each non-zero element of s j is randomly positioned 
with an Gaussian distribution of i.i.d. zero-mean and unit variance. 
The set of signal vectors {x j} J

j=1 is generated with x j = �̃s j + e j �
x∗

j + e j, ∀ j, where �̃ is given and e j is produced with Gaus-

sian distribution of zero-mean and variance σ 2
e . Denote σsnr as the 

signal-to-noise ratio (in dB) of the signals. For a given sensing ma-
trix �, the measurements are given by y j = �x j, ∀ j.

We use the mean squared error (MSE), denoted as σmse , to mea-
sure the signal recovery performance of a CS system, say CSz:

σmse �
1

N × J

J∑
j=1

‖x∗
j − x̂ j‖2

2 (34)

where N is the dimension of the signal (vector) x∗
j , and x̂ j is the 

recovered version of x∗
j obtained using x̂ j = �ŝ j with ŝ j being the 

solution of the traditional reconstruction problem (i.e., (5)):

ŝ j = arg min
s

‖y j − As‖2
2 s.t. ‖s‖0 ≤ κ,∀ j

which is attached using OMP.
We use CSP−z to denote the corresponding CS system CSz

which uses the PSR scheme to find ŝ j , that is

ŝ j = arg min
s

‖(��T )−1/2(y j − As)‖2
2 s.t. ‖s‖0 ≤ κ,∀ j

which is also solved using OMP.

4.1. Demonstration of the PSR scheme

For this part, the set of signal vectors {x j} J
j=1 is generated in 

the way described previously with an N × L dictionary �̃ of in-
dependent and identically distributed (i.i.d.) normally distributed 
entries.

First of all, let us examine the performance of CSRdm and 
CSP−Rdm , where the sensing matrix � is generated with i.i.d. nor-
mally distributed entries. Fig. 1 shows the MSE performance ver-
sus different sparsity level κ for each of CS systems, where M =
25, N = 60, L = 80, J = 2000 and σsnr = 10 dB are used. Figs. 2 and 
3 show the same results but with σsnr = 20, +∞ dB, respectively.

Fig. 4 displays the MSE performance versus different signal-to-
noise ratio level σsnr for each of CS systems, where M = 25, N =
60, L = 80, J = 2000 and κ = 4 are used.

Remark 4.1. As seen, CSP−Rdm yields a better performance than 
CSRdm . The same is also observed for the other CS systems when 
the SNR σsnr is small. See Fig. 5. This has been further confirmed 
with real images, for which the sparse representation error is very 
large. See Table 1.



68 G. Li et al. / Digital Signal Processing 73 (2018) 62–71
Fig. 1. Reconstruction error σmse versus signal sparsity κ for σsnr = 10 dB.

Fig. 2. Reconstruction error σmse versus signal sparsity κ for σsnr = 20 dB.

Fig. 3. Reconstruction error σmse versus signal sparsity κ for σsnr = +∞ dB.

4.2. Evaluation of CS systems

4.2.1. Synthetic data
First of all, for all the CS systems, including CSDC S , CSB H and 

CSNew , we fix the dictionary � with �̃ – the oracle one uti-
lized for generating the signal vectors {x j} J

j=1. This allows us to 
test the performance of the sensing matrix in each CS system. 
We separate the data into two sets: the training data {x j} J/2

j=1

and the testing data {x j} J
j= J/2+1. Denote X1 = [

x1 · · · x J/2
]

and S1 = [
s1 · · · s J/2

]
. In this case, the sensing matrix � for 

CSNew is simply obtained from (22) with � = �̃, which is equiva-
lent to

Fig. 4. Reconstruction error σmse versus σsnr .

Fig. 5. Reconstruction error σmse versus σsnr .
Table 1
Statistics of σpsnr (dB) for images processed with M = 20, N = 64, L = 100, κ = 4.

Lena Couple Elanie Lake Lax Man Plane Baboon Child Fingerprint Crowd Boat

CSRdm 29.59 26.90 29.39 25.97 22.41 27.26 28.51 22.02 31.20 23.52 27.51 26.64
CSP−Rdm 29.98 27.36 29.78 26.44 22.81 27.74 29.00 22.38 31.57 24.07 28.12 27.26
CSEld 17.68 15.21 10.30 11.71 7.25 14.76 19.45 7.95 20.88 16.52 18.56 13.33
CSP−Eld 23.12 20.64 19.71 18.87 14.09 20.35 22.99 14.31 25.29 18.80 22.26 19.64
CSL Z Y C B 13.03 10.75 7.56 7.02 2.57 10.19 14.17 3.44 15.81 11.00 13.44 8.17
CSP−L Z Y C B 17.52 14.92 12.74 12.83 7.68 14.41 18.23 8.03 19.79 14.72 17.39 13.88
CSDC S 32.77 30.07 32.24 29.01 25.40 30.36 31.60 24.94 34.17 26.56 30.71 29.87
CSP−DC S 33.06 30.30 32.44 29.39 25.69 30.75 31.93 25.28 34.51 26.87 31.12 30.15
CSClassic 12.97 10.49 6.68 7.32 2.62 9.80 14.72 3.03 11.58 26.77 13.65 8.34
CSP−Classic 18.97 16.12 14.75 14.38 9.38 15.93 19.12 9.51 20.95 15.56 18.29 15.18
CST K K 15.20 12.90 8.41 9.14 4.78 12.21 17.07 5.65 18.54 14.20 16.04 10.90
CSP−T K K 20.79 18.02 16.36 16.15 11.50 17.88 20.92 11.25 22.75 16.96 19.87 17.51
CSB H 32.91 30.29 32.44 29.32 25.61 30.65 31.99 25.18 34.50 26.95 31.07 30.11
CSP−B H 32.91 30.28 32.44 29.32 25.61 30.65 32.00 25.18 34.50 26.94 31.07 30.12
CSNew 33.17 30.44 32.62 29.52 25.69 30.78 32.20 25.33 34.75 27.30 31.35 30.26
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Fig. 6. Reconstruction error σmse versus α.

Fig. 7. Reconstruction error σmse versus signal sparsity κ for σsnr = 10 dB.

�̃ = arg min
��T =IM

α�2(�, �̃, S1) + β‖(I − �T �)�̃S1‖2
F

where �2 is the cost function of the PSR scheme. The solution of 
the above problem can be obtained directly with (31).

Set M = 25, N = 60, L = 80, J = 2000, σsnr = 10 dB and β =
1 − α. Let us look at the effect of the parameter α on the MSE 
of signal reconstruction for CSNew . Fig. 6 depicts σmse versus the 
values of α.

Remark 4.2. Though there is no systematic way to find the best α, 
intensive simulations show that α taking value within (0.4, 0.80)

usually leads to a high performance sensing matrix. In the sequel, 
α = 0.45 is used.

Fig. 7 shows the MSE performance versus different sparsity 
level κ for each of CS systems, where M = 25, N = 60, L = 80, J =
2000 and σsnr = 10 dB are used. Fig. 8 shows the results for 
σsnr = 20.

Remark 4.3. It is observed that CSNew , CSB H and CSD SC outper-
form the others, while our proposed CSNew is slightly superior 
over CSDC S and CSB H when the sparse representation error is high. 
This superiority is also demonstrated in the experiments to be 
presented below using real images, when the three systems are 
designed such that both the sensing matrix and the dictionary are 
simultaneously optimized.

4.2.2. Image compression
Now, we will examine these CS systems for the application 

of image compression. We randomly extract 15 non-overlapping 
patches (the dimension of each patch is 8 × 8) from each of 400 
images in the LabelMe [39] training data set. Each patch of 8 ×8 is 
Fig. 8. Reconstruction error σmse versus signal sparsity κ for σsnr = 20 dB.

Fig. 9. Statistics of σmse versus α and β .

Fig. 10. Evolution of the cost function �(�k,�k, Sk).

then re-arranged as a vector of 64 × 1. With a set of 6000 training 
samples {x j}, we apply the K-SVD algorithm with N = 64, L = 100
for a given sparsity level κ = 4 to obtain a sparsifying dictionary 
�K S V D . Based on the �K S V D , one can design the corresponding 
sensing matrix � ∈ �M×N for each of CSEld , CSL Z Y C B , CSClassic , and 
CST K K . The sensing matrix and dictionary for CSDC S are simultane-
ously designed with this training data using the method in [13].3

To examine the effect of the parameters α and β on the CS 
system CSNew , we extract another 1000 samples {z j} (that are 
different than the training samples {x j}) from the LabelMe [39]
testing data set. Fig. 9 depicts σmse of CSNew for the samples {z j}
versus the values of α and β . As observed from Fig. 9, α > 0.5
and β ≤ 0.5 yield poor performance. In the sequel, we perform Al-

3 We set the coupling factor in CSDC S to 0.5, which is suggested in [13].
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Fig. 11. The original ‘Elanie’ and reconstructed images from their CS samples with 
M = 20 and κ = 4. (a) The original; (b) CSRdm; (c) CSEld; (d) CSL Z Y C B ; (e) CSDC S ; (f) 
CSClassic ; (g) CST K K ; (h) CSB H ; (i) CSNew .

gorithm 1 with 100 iterations and α = 0.4, β = 0.8 to obtain the 
sensing matrix and sparsifying dictionary for CSNew .

Fig. 10 displays the evolution of the objective function
�(�k, �k, Sk). As seen, the cost function �(�k, �k, Sk) decays 
steadily for Algorithm 1, which coincides with the analysis of con-
vergence.

Twelve real images are processed with each CS system with 
compression and reconstruction. The reconstruction accuracy is 
evaluated in terms of peak signal-to-noise ratio (PSNR), defined as

σpsnr � 10 × log10

((
2r − 1

)2

σmse

)

where r = 8 bits per pixel and σmse is defined in (34).
Table 1 provides σpsnr for the CS systems tested with the twelve 

images. Fig. 11 displays the visual effects of ‘Elanie’.

Remark 4.4.

• It is interesting to note from Table 1 that the CS systems with 
PSR are better than the original CS systems in terms of PSNR. 
We note that CSP−B H and CSB H have almost identical perfor-
mance because the sensing matrix � obtained in CSB H yields 
a ��T very close to IM .

• Note that any real image is in general not exactly sparse un-
der any dictionary which is designed to minimize the sparse 
representation error. Table 1 indicates that CST K K , CSClassic , 
CSL Z Y C B and CSEld , designed without taking sparse representa-
tion errors into account, are very sensitive to the sparse repre-
sentation errors. As shown in [3], the random sensing matrix 
is generally robust to the noise. This is confirmed with the 
performance of CSRdm .

• The superiority of the proposed CSNew over the others is 
clearly shown in Table 1. As can be observed, CSDC S CSNew

and CSB H outperform greatly the others in terms of PSNR, 
which justifies the potentials of simultaneous design of sens-
ing matrix and dictionary in improving the performance of CS 
systems, while our proposed CSNew is 0.4 dB–0.8 dB better 
than CSDC S and 0.15 dB – 0.35 dB better than CSB H due to the 
joint optimization of sensing matrix and dictionary.

5. Concluding remarks

This paper deals with designing optimal CS systems. Based on 
the maximum likelihood estimation principle, a preconditioned 
signal recovery scheme for CS has been developed and more im-
portantly, a novel framework for CS system design has been pro-
posed, which allows us to jointly optimize the sensing matrix and 
sparsifying dictionary with the same measure. An algorithm has 
been derived for solving the corresponding optimal design problem 
with ensured convergence in terms of reducing the cost function. 
Simulations have been carried out using synthetic data and real 
images, in which the superiority of the proposed approaches over 
the prevailing ones is clearly demonstrated.
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